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The P& approximation is based on keeping only the terms 1=0 and 1=1 in the expansion of the angular photon density in spherical harmonics, and the nomenclature P& approximation is used since the spherical harmonics of order 1=1 can be written in terms of the first order Legendre polynomial, which is traditionally represented by the symbol P&. Frequency-domain data acquired in a quasi-infinite turbid medium at modulation frequencies ranging from 0.38 to 3.2 GHz using a superheterodyning microwave detection system were analyzed using expressions derived from both the P& aproximation equation and the SDE. This analysis shows that the P& approximation provides a more accurate description of the data over this range of modulation frequencies. Some researchers have claimed that the P& approximation predicts that a light pulse should propagate with an average speed of c/&3 in a thick turbid medium. However, an examination of the Green's function that we obtained from the frequency-domain P, approximation model indicates that a photon density wave phase velocity of c/&3 is only asymptotically approached in a regime where the light intensity modulation frequency aproaches infinity. The Fourier transform of this frequency-domain result shows that in the time domain, the P & approximation predicts that only the leading edge of the pulse {i. e. , the photons arriving at the detector at the earliest time) approaches a speed of c /+3. PACS number(s): 05.60.+w
I. INTRODUCTION
Frequency-domain methods, in which the light source intensity is modulated at radio frequency, have been successfully applied to spectroscopy studies of turbid media [1 -4] . In macroscopically homogeneous media, simple expressions for the absorption and reduced scattering coefficients were obtained in the strongly scattering regime, where the photon mean-free path is much shorter than the source-detector separation [5, 6] . These expressions are based on the standard di6'usion equation (SDEj, which is valid when the photon current density J is related to the photon density Uby Fick's law [7, 8] . This condition is satisfied in turbid media with relatively large scattering coefficients and at modulation frequencies up to hundreds of MHz. The refraction and diffraction of the diffuse photon density waves predicted by the SDE has been experimentally studied [9, 10] . At GHz modulation frequencies, the SDE is expected to break down [11, 12] . In this paper we study this GHz frequency region theoretically and experimentally.
Theoretically, we [7] . Experimentally, we have employed a frequency down-conversion technique. This technique extends the useful bandwidth of our microchannel plate detector to about 4 GHz. In the application of frequency-domain methods to the optical study of biological tissue, there are a number of reasons for considering the use of modulation frequencies in the GHz region. In spectroscopy, intrinsic tissue inhomogeneities can affect the intensity and the phase shift measurement to different extents. In fact, the inhuence of the optical properties of a specific spatial region can be substantially different in the intensity and phase measurements [13] . The use of only one parameter, be it the intensity, the demodulation, or the phase shift information, might thus be preferable due to instrument [12, 14] . In imaging, it has been shown that measurements at higher modulation frequencies provide better resolution than measurements at lower modulation frequencies [14 -16] .
In this work, we also discuss the limiting phase velocity of the photon density wave predicted by the (2) is the diffusion coefficient (with units of distance), (3) is the reduced scattering coefficient (with units of inverse distance), g is the average of the cosine of the scattering angle after a photon collision, and p, and p"respectively, are the inverse of the mean-free path for photon absorption and the inverse of the mean-free path for elastic scattering collisions (p, and p, have units of inverse distance). S' '(r, t) is the photon source, with qo(r, t) being the isotropic term in a first-order spherical harmonics expansion of the source term in the Boltzmann transport equation, and q, (r, t) is the first moment in this expansion which describes the dipole-like anisotropy of the source. Equation (1) reasonably approximates the Boltzmann transport equation when r is far from sources and boundaries, and p, /(p, +p, ) is close to unity, i.e. , p, »p, [7, 8] Fig. 1(b) , where we plot the product rp, ' as a function of r~/2~. The condition for the validity of the SDE (i.e. , 1))3coD/c) is written -, )3~D/c in Fig. 1(b) .
The reason for having rp', on they axis of Fig. 1(b Fig. 1(b) .
We will discuss this condition for the validity of the P, approximation below. Here we stress again that the factor 10 used to plot the conditions ip )3~D /c aIld rp, )10 is an arbitrary factor used to interpret the actual conditions 1))3coD/c and rp, ))l, respectively. For this reason, Fig. 1(b )1 (for P, ), and 1/10) 3coa/c (for SDE).
The relative demodulation of the photon density wave is given by
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The phase velocity V of a photon density wave in the P& approximation may be derived from Eq. (7):
The ratio V /(c/&3) is platted versus modulation frequency in Fig. 2 , where V is given by Eq. (15) [23] . They have compared their experimental results to the predictions of the SDE, and have stated in the conclusion of their paper that "the shapes of the pulses obtained with the difFusion approximation are similar to the measured pulses but significantly wider" [23] . Note that in Fig. 3 [14] and the I', approximation expression [Eq. (13) ]. Fig. 4 (11), (12) , and (14)j. Figure is   6 ). Figure 7 [31] .
The scheme of our electronic superheterodyning detection system is shown in Fig. 9 . Table, New Hyde Park, NY), with the position reproducibility in r to within 10 pm). At a given modulation frequency cu/2m, the phase shift 4 and demodulation M quantities measured at a distance r from the source were respectively compared to the N and M quantities measured at the r0=1. 1-cm source-detector separation. This enables us to obtain the relative quantities @"& and M"&, defined in Eqs. (11) - (14) . As noted by Fishkin et al. [6] , the measurement of the relative demodulation and phase shift quantities (i.e. , M"i and N"i) at a given value of co/2n has the following advantage: terms which are dependent on the source emission properties are eliminated, as are the spectral response factors of the superheterodyning phase-sensitive detection system. When fitting our frequency-domain data (@", and M"i) to Eqs. (13) and (14) , respectively, to obtain the medium absorption and reduced scattering coefficients (p, and p, ') at the light wavelength 532 nm, we assume that n =1.33 for the mul- Fig. 10 is consistent with the predictions of Eq. (13). Figure 11 shows plots of the natural logarithm of the measured relative demodulation versus r. As in Fig. 10 , we only show four of the 14 modulation frequencies. The solid lines are linear fits to these data. The linearity of the data with respect to r at the three lowest modulation frequencies in Fig. 11 is consistent with the predictions of Eqs. (11) , (12) , and (14) . The data acquired at 3200.4 MHz in Fig. 11 Table I , where the correlated uncertainties given in this table were calculated using 0.98 probability limits for the confidence interval). These fits were obtained using the commercial package GLoBALs UNLtMITED (Laboratory for Fluorescence Dynamics, Dept. of Physics, University of Illinois at Urbana-Champaign) [34] . The residues of the SDE fit of Fig. 12(a) The residues of the SDE fit show strong systematic trends, and most of these residues are beyond the range of uncertainty of our measurements (i.e., b, C&"t=+0. 2' and bM"&=+0.004). This indicates that the SDE does not provide an accurate description of the data over the range of modulation frequencies studied. Table I ). Table I ). ( 4 , which shows lots of relative phase shift versus modulation frequency. In Fig. 4(a) , p, is of the order of 0.01 cm '. The maximum curvature in the phase shift with respect to modulation frequency in Fig. 4(a) occurs roughly between 20 and 500 MHz, whereas the phase shift in this figure is relatively linear at modulation frequencies greater than 500 MHz and at modulation frequencies less than 20 MHz. In Fig. 4(b) , p, is of the order of 0.1 cm '. The maximum curvature in the phase shift with respect to modulation frequency in Fig. 4(b Fig. 1(b) , that the distance between the source and detector is another important factor for the applicability of the P& approximation. The smaller the scattering coefficient, the larger the source-detector separation should be for the applicability of the P, approximation.
The frequency-domain P & approximation equation predicts that as the modulation frequency approaches, infinity, the phase velocity of the photon density wave V asymptotically approaches c/&3 (see Fig. 2 ). We have plotted the Fourier transform of our frequency-domain solution to the P& approximation equation in Fig. 3 using the same optical parameters that generated Fig. 2 [22] . Examination of these time-domain calculations shows that at a distance r from the light source, the earliest arriving photons generated by the pulsed source 5' '(r, t)=5(r)6(t) arrive at a time t;"=r/(c/v'3) according to the P& approximation equation. This result contradicts previous claims [19 -21] 
